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Abstract
We study the fundamental groups of elliptic ﬁbrations and the close relationship between the Ko-
daira dimension of an elliptic surface with odd ﬁrst Betti number and the geometry of its base orbifold.
We show that the plurigenera and hence the Kodaira dimension of a complex surface with odd ﬁrst
Betti number are determined by the isomorphism type of the fundamental group.
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1. Introduction
The goal of this article is twofold: we study elliptic surfaces and their fundamental
groups, and we present a short and self-contained proof of the fact that the plurigenera of
complex surfaces with odd ﬁrst Betti number are topological invariants.
By an elliptic surface we mean a closed complex analytic surface, which admits an
elliptic ﬁbration, i.e. a mapping onto a smooth curve whose general ﬁbre is a smooth
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elliptic curve. Elliptic surfaces play a central role in the Kodaira–Enriques classiﬁcation
of complex surfaces. Of particular interest to us are the elliptic ﬁbrations with odd ﬁrst
Betti number. By a result of Kodaira, these are exactly the elliptic surfaces which do not
admit a Kähler metric. We completely determine their structure, and are thus able to give a
presentation of their fundamental groups.
Using only these results, we will give a conceptually simple and concise proof of the
fact that the plurigenera and hence the Kodaira dimension of non-Kählerian surfaces are
determined by the isomorphism type of the fundamental group. This result has ﬁrst been
obtained by Friedman and Morgan [3], but their proof is scattered over some 100 pages.
The Kodaira dimension is the most fundamental invariant of a closed complex manifold
X. It measures the growth of the plurigenera
Pn(X) := dim H 0(K⊗nX )
for large n. HereKX := det 1X denotes the canonical line bundle of X.
In the case of curves the Kodaira dimension takes the values −∞, 0, 1, and these three
values correspond to the three two-dimensional geometries in the sense of Thurston: the
sphere S2, the Euclidean plane E2 and the hyperbolic plane H 2. We ﬁnd an analogous
situation in the case of elliptic ﬁbrations with odd ﬁrst Betti number, but here the Kodaira
dimension of the surface is linked to the geometry of its base orbifold. The base orbifold is
the base curve together with an additional structure deﬁned by the elliptic ﬁbration. Since
the geometry of the orbifold is encoded in the fundamental group of the surface, this group
determines the Kodaira dimension and moreover the plurigenera of the surface.
This paper is organized as follows:
Section 2 reviews the general theory of closed two-dimensional orbifolds and their fun-
damental groups, and states a theorem relating the fundamental group of an elliptic ﬁbration
with the fundamental group of its base orbifold.
In Section 3, we show that every elliptic ﬁbration X → C with trivial ﬁrst direct image
sheaf can be obtained from a product C × E, where E is an elliptic curve, by means
of logarithmic transformations. Moreover, we compute the fundamental groups of such
surfaces.
In Section 4, we study elliptic ﬁbrations with odd ﬁrst Betti number and their fundamental
groups more closely. We compute the plurigenera of non-Kählerian elliptic surfaces, and
show that their Kodaira is reﬂected by the geometry of the base orbifold. We deduce that
the plurigenera of elliptic ﬁbrations with odd ﬁrst Betti number are topological invariants.
Finally, in Section 4, we show, using an elegant argument by Friedman and Morgan, that
the plurigenera of non-Kählerian surfaces are determined by the isomorphism type of their
fundamental groups.
2. Orbifolds and the fundamental groups of elliptic ﬁbrations
2.1. Orbifolds and their fundamental groups
In the study of elliptic surfaces and their fundamental groups one is lead in a natural way
to the notion of orbifold.
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Whereas an n-manifold is a Hausdorff, paracompact space, which is locally homeomor-
phic toRn, an n-orbifold is aHausdorff, paracompact space, which is locally homeomorphic
to the quotient space of Rn by a ﬁnite group action. For a precise deﬁnition we refer the
reader to Scott [7, p. 422].
One can introduce the notion of an orbifold covering and of a universal covering orbifold.
Such a universal covering orbifold exists for any orbifold and is unique. A proof of this fact
in the relevant case n= 2 can be found in [7, p. 423]. The existence of a universal covering
leads then in a natural way to the notion of fundamental group of an orbifold.
In dimension 2, any orbifold is homeomorphic to a manifold (possibly with boundary),
because the only singular points are cone points, reﬂector lines and corner reﬂectors (see
[7] for a deﬁnition). Note, however, that an orbifold with cone points is homeomorphic to a
manifold as a topological space, but not isomorphic to this one as an orbifold. So one must
distinguish carefully between a two-dimensional orbifold and its underlying topological
surface.
Recall that there are three two-dimensional geometries in the sense ofThurston—namely
the unit sphere S2, the Euclidian plane E2 and the hyperbolic plane H 2. We say that an
orbifold admits a geometric structure modelled on S2, E2 or H 2, if it is isomorphic as
orbifold to the quotient of S2, E2 or H 2 by some discrete group of isometries. Following
[7], we call an orbifold good, if it is covered by some manifold, or equivalently, if its
universal covering orbifold is a manifold.
Theorem 2.1. Every good two-dimensional orbifold without boundary admits a geometric
structure modelled on S2, E2 or H 2.
Proof. This is Theorem 2.4 of Scott [7]. For a proof, Scott refers the reader to
Thurston [8]. 
Proposition 2.2. Let C be a 2-orbifold with underlying surface a closed oriented surface
of genus g and having as singular points r cone points of multiplicitymi , 1 ir . Then C
is good unless
• g = 0 and r = 1, or
• g = 0, r = 2 and m1 	= m2.
Proof. This is a special case of Scott [7, Theorem 2.3].
If C is a 2-orbifold with underlying surface a closed oriented surface of genus g and r
cone points of multiplicity mi , 1 ir , we deﬁne
(C) := 2g − 2+
r∑
i=1
(
1− 1
mi
)
.
and call −(C) the orbifold Euler number of C.
Proposition 2.3. Let C be a good 2-orbifold with underlying surface a closed oriented
surface of genus g and having as singular points r cone points of multiplicitymi , 1 ir .
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Then C admits a geometric structure modelled on
• S2 if and only if (C)< 0;
• E2 if and only if (C)= 0;
• H 2 if and only if (C)> 0.
Proof. See [7, p. 427f]. 
When C is an orbifold, we denote by orb1 (C) the fundamental group of the orbifold C.
Proposition 2.4. Let C be a 2-orbifold with underlying surface a closed oriented surface
of genus g and having as singular points r cone points of multiplicity mi , 1 ir . A
presentation of the fundamental group orb1 (C) is〈
a1, b1, . . . , ag, bg, s1, . . . , sr |smii = 1,
g∏
j=1
[aj , bj ]
r∏
i=1
si = 1
〉
.
Proof. See [7, p. 424]. 
We call such a group a group associated to the signature (g;m1, . . . , mr). As permut-
ing the multiplicities does not affect the isomorphy type of the associated group, we will
henceforth assume that mimi+1 for 1 ir − 1.
Proposition 2.5. LetG1 andG2 be twogroupsassociated to the signatures (g;m1, . . . , mr)
and (g′;m′1, . . . , m′r ). IfG1 andG2 are isomorphic as abstract groups, then the signatures
agree unless the groups are ﬁnite cyclic. IfG1 is ﬁnite cyclic, then g = 0 and r = 0, 1 or 2.
Proof. For a proof of the above proposition, see for instance [5, p. 132]. 
Proposition 2.6. Fix a signature (g;m1, . . . , mr) and let G denote an associated group.
Then the centre of G is trivial unless
• G is ﬁnite cyclic, or
• g = 1 and r = 0, or
• (g;m1, . . . , mr)= (0; 2, 2, 2n) with n a positive integer.
In the last case we have
Centre〈s1, s2, s3|s21 = s22 = s2n3 = 1, s1s2s3 = 1〉 = {1, sn3 }
for n2.
Proof. Suppose that G is not ﬁnite cyclic. Therefore, by Theorem 2.1, G has a faithful
representation as a discrete and cocompact subgroup of the group of orientation preserving
isometries of the sphere S2, the Euclidean plane E2 or the hyperbolic plane H 2.
We suppose ﬁrst that G is a discrete subgroup of the group of orientation preserving
isometries of the sphere S2. Assume that the centre of G is non-trivial and choose an
M. Dürr / Expo. Math. 23 (2005) 1–22 5
element  ∈ Centre(G)\{1}. The isometry  is a rotation and ﬁxes antipodal points, say P
andQ. Let  ∈ G\{1} and consider the isometry  ·  · −1. This is a rotation, which ﬁxes
the antipodal points (P ) and (Q). So the equality  ·  · −1 =  implies that either 
is a rotation ﬁxing the same points P and Q or  interchanges the points P and Q and 
is a rotation with angle . So either G is generated by a rotation about the points P and
Q and hence is ﬁnite cyclic or there exists a positive integer n such that G is generated
by a rotation about the points P and Q with angle of rotation /n and a rotation, which
interchanges the points P and Q. In the ﬁrst case G is ﬁnite cyclic, whereas in the second
case G is a group associated to the signature (0; 2, 2, 2n). Moreover, the only non-trivial
element in the centre of G is in the latter case , unless n= 1.
Suppose now that G is a discrete and cocompact subgroup of the group of orientation
preserving isometries of the Euclidian plane E2. Then G contains at least one translation,
which is not the identity: Indeed, the commutator [,] of two elements , ∈ G is a
translation. Hence, if G would not contain a non-trivial translation, any two elements of
G would commute and therefore ﬁx the same point. But this contradicts the fact that G is
cocompact. So let  ∈ G be a non-trivial translation and suppose that the centre of G is
non-trivial. Fix an element  ∈ CentreG\{1}. Then  ·  · −1 =  implies that  is again a
translation. But then h ·  · h−1=  for all h ∈ G implies thatG contains only translations.
Hence G is a lattice and we conclude g = 1 and r = 0.
Suppose ﬁnally that G is a discrete and cocompact subgroup of the group of orientation
preserving isometries of the hyperbolic plane H 2. In this case our claim follows from [7,
Lemma 1.10]. 
Lemma 2.7. LetG be a discrete subgroup of the group of orientation preserving isometries
of the hyperbolic plane H 2. If G is neither cyclic nor isomorphic to a semidirect product
of Z2 with Z, then G admits no non-trivial normal abelian subgroup.
Proof. Like in the case of the Euclidian plane, every orientation preserving isometry  of
H 2 is the product of two reﬂexions in geodesics l andm (cf. [7, p. 418]). If l andm intersect
in a point P ofH 2, then  ﬁxes P and is called a rotation. If l andm are parallel, i.e. if they
meet at inﬁnity, then  ﬁxes one point at inﬁnity and is called a parabolic isometry. Finally,
if l and m are ultra-parallel, i.e. if they have no point in common, then  leaves invariant the
unique common perpendicular n of l and m. In this case, we call  a hyperbolic isometry
or a translation along n.
Let  and  be two non-trivial orientation preserving isometries and suppose that  and 
commute. If  is a rotation about a point P , then, by Scott [7, Lemma 1.10],  is a rotation
about the same point P . If  is a parabolic isometry, then, again by Scott [7, Lemma 1.10],
 is a parabolic isometry, which leaves invariant the same point at inﬁnity. Finally, if  is a
translation along a geodesic n, then, by Scott [7, Lemma 1.10], also  is a translation along
the same geodesic n.
Let nowA ⊂ G be a non-trivial normal abelian subgroup. SinceA is a discrete subgroup
of the group of isometries, the above implies that A is generated by a rotation, a parabolic
or a hyperbolic isometry.
Suppose ﬁrst that A is generated by a rotation  around some point P . Let g ∈ G\A and
consider g ·  · g−1. This is a rotation about the point g(P ). So g ·  · g−1 ∈ A implies
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that g leaves the point P invariant and hence that g is also a rotation about P . ThereforeG
contains only rotations around the point P and hence is ﬁnite cyclic, which contradicts our
hypothesis.
Suppose now that A is generated by a parabolic isometry  ﬁxing a point p at inﬁnity.
Let g ∈ G\A and consider g ·  · g−1. This is a parabolic isometry ﬁxing the point g(p)
at inﬁnity. So g ·  · g−1 ∈ A implies that g leaves the point p at inﬁnity invariant. In
particular, g is not a rotation. Since our subgroup A is isomorphic to Z, g2 commutes with
every element ofA. Hence g2 is a parabolic isometry ﬁxing the same point p at inﬁnity. But
this implies that also g is a parabolic isometry ﬁxing p. We conclude that G is isomorphic
to Z, which again contradicts our hypothesis.
Finally, suppose that A is generated by a translation  along a geodesic n. Let g ∈ G\A
and consider g ·  · g−1. This is a translation along the geodesic g(n). So g ·  · g−1 ∈ A
implies that g ﬁxes the geodesic n. Hence, g is either a translation along the same geodesic
n or a rotation about a point P on n with angle of rotation equal . If G does not contain
a rotation, then G consists of translations along the geodesic n and we conclude that G is
isomorphic to Z, which is impossible. So suppose thatG contains a rotation  about a point
P on n. Denote by B ⊂ G the subgroup of G consisting of all translations along n. Then
G is a semidirect product of {1, } and B, which again contradicts our hypothesis. 
Proposition 2.8. Fix a signature (g;m1, . . . , mr) satisfying the inequality 2g−2+∑i (1−
1
mi
)> 0 and denote by G an associated group. The group G admits no non-trivial normal
abelian subgroup.
Proof. The assumption 2g−2+∑i (1− 1mi )> 0 implies thatG has a faithful representation
as a discrete and cocompact subgroup of the group of orientation preserving isometries of
the hyperbolic plane H 2. So, in view of the previous lemma, we have to show that G is
neither cyclic nor isomorphic to the semidirect product of Z2 with Z.
IfG is cyclic, then it is generated by a rotation, a parabolic or a hyperbolic isometry and
therefore never cocompact. If G is isomorphic to the semidirect product of Z2 with Z, it
is generated by a translation along a geodesic n and by a rotation with angle of rotation
 about a point on n. The subgroup H generated by the translation is not cocompact. We
conclude that G is not cocompact either, since H is a subgroup of index 2. 
2.2. The fundamental group of an elliptic ﬁbration
Let  : X → C be an elliptic ﬁbration. The ﬁbration  endows the curve C with the
structure of an orbifold in a natural way, as we will explain now. Denote by p1, . . . , pr the
points on C, over which the ﬁbration  has a multiple ﬁbre of multiplicitymi2. Then the
orbifoldCorb=Corb is as a topological space againC, but now the points pi are cone points
of multiplicity mi . We denote by orb1 (C) the fundamental group of the orbifold Corb.
Theorem 2.9. Let  : X → C be an elliptic ﬁbration and denote by F a general ﬁbre of
. The elliptic ﬁbration  induces an exact sequence
1(F ) −→ 1(X) −→ orb1 (C) −→ 1.
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If (OX)> 0, the image of 1(F ) in 1(X) is trivial. If (OX) = 0 and kod(X)0, then
1(F ) −→ 1(X) is injective.
Proof. By the deﬁnition of the induced orbifold structure on C,  : X → C deﬁnes a
morphism of orbifolds ′ : X → Corb. Thus we obtain a morphism of groups
1(X)→ orb1 (C). (1)
Since the ﬁbres of  are connected, this morphism is always an epimorphism.
Friedman and Morgan proved in [3, Theorem II.2.3] that the morphism (1) is an isomor-
phism if (OX)> 0.
So suppose that (OX)=0. In this case, the only singular ﬁbres of the relatively minimal
model min : Xmin → C are of type mI 0. Therefore the induced morphism
′min : Xmin → Corb
is locally trivial in the category of smooth orbifolds. Hence, we obtain a short exact sequence
of groups
1(F )→ 1(X)→ orb1 (C)→ 1. (2)
The remaining assertion, namely that the morphism 1(F ) → 1(X) is injective if
kod(X)0, has been proved by Friedman and Morgan [3, Lemma II.7.3]. 
Corollary 2.10. Let X → C be an elliptic ﬁbration. Then
2g(C)b1(X)2g(C)+ 2.
Proof. Recall that abelianizing is a right-exact functor. Therefore abelianizing the exact
sequence
1(F ) −→ 1(X) −→ orb1 (C) −→ 1
and counting ranks yields the claimed inequalities. 
3. Elliptic ﬁbrations with trivial ﬁrst direct image sheaf
LetX −→ C be an elliptic ﬁbration of a complex surfaceX over a curve C. The types of
ﬁbres which can appear were classiﬁed by Kodaira [1, p. 150]. A ﬁbre of type I0 is exactly
a regular one.A logarithmic transformation is a method of replacing a ﬁbre of type Ib in an
elliptic ﬁbration by a multiple one of typemIb. It is an analytic, not an algebraic procedure.
It can change an algebraic surface into a non-algebraic or even non-Kählerian one. For the
general case we refer the reader to Barth et al. [1, p. 165]. The relevant case b= 0 is nicely
explained in [2, p. 281ff].
Let C be a smooth curve and  ⊂ C a lattice of maximal rank. For 	 ∈ C we denote by
[	] the corresponding element of E := C/. Fix a point p ∈ C, a positive integer m and a
complex number 	 such that [	] is a point of orderm inE. Given such data, one can construct
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a new surface, which we denote by Lp(m, 	)(C×E) and which we call the space obtained
by the logarithmic transformation Lp(m, 	) from C × E. The space Lp(m, 	)(C × E) is
again an elliptic surface, but the ﬁbre ofLp(m, 	)(C×E) over the point p is now amultiple
ﬁbre of multiplicity m.
Since a logarithmic transformation is a local construction, one can repeat it with a
point p2 ∈ C different from p and possibly different choices of m2 and 	2, and so
on. We denote by Lp(m, 	)(C × E) the space obtained by logarithmic transformations
Lpr (mr, 	r ) . . . Lp1(m1, 	1) from C × E.
The aim of this subsection is to determine completely which elliptic ﬁbrations can be
obtained by means of a ﬁnite sequence of logarithmic transformations from the product of
an arbitrary curve C with an elliptic curve E.
Proposition 3.1. An elliptic ﬁbre bundle  : X → C over a compact Riemann surface C
is principal if and only if the ﬁrst direct image sheaf R1∗OX is trivializable.
Proof. See [6, Proposition 1.1]. 
For the ﬁrst assertion of the following proposition confer also [1, Proposition V.5.2].
Proposition 3.2. Let E = C/ be an elliptic curve and let  : X → C be a principal
elliptic ﬁbration over a compact Riemann surface C with structure group E. Then X is
isomorphic to the quotient of a principalC∗-bundle overC by an inﬁnite cyclic subgroup of
C∗.Moreover, there exist a non-negative number r , distinct points p1, . . . , pr ∈ C, lattice
points 	i ∈  for 1 ir and an isomorphism of elliptic ﬁbrations
XLp(1, 	)(C × E).
Proof. Denote by c the map
c : H 1(C,E)→ H 2(C,)
associated to the short exact sequence
0 → → C→ E → 0
and by 
 the equivalence class of  : X → C in H 1(C,E). Choose a short exact sequence
0 → Z →  → Z→ 0,
such that the characteristic class
c(
) ∈ H 2(C,)=H 2(C,Z)⊗Z
is mapped to zero under . Choose a section
 : Z→ 
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of  and deﬁne
q := exp
(
2
√−1 (1)
(1)
)
.
Let Z operate on C∗ by multiplication with q and form the quotient space C∗/〈q〉. Deﬁne
f : Z −→ C,
k −→ k · (1),
g : C −→ C∗,
z −→ exp
(
2
√−1 z
(1)
)
,
and consider the following commutative diagram of short exact sequences:
0 0	
	
0 −−−−−−→ Z −−−−−−→  −−−−−−→ Z −−−−−−→ 0∥∥∥∥∥∥∥
	
	
0 −−−−−−→ Z f−−−−−−→ C g−−−−−−→ C∗ −−−−−−→ 1	
	
E
−−−−−−→C∗ / 〈q〉	
	
0 1
By our choice of , the image of c(
) under the map
H 1(C,E)H 1(C,C∗/〈q〉) −→ H 2(C,Z)
is zero. Hence there exists a principal C∗-bundle P whose class in H 1(C,C∗) is mapped
to c(
) under the map
H 1(C,C∗) −→ H 1(C,C∗/〈q〉)H 1(C,E).
This shows the ﬁrst claim.
LetL be the holomorphic line bundle assocated toP . Thenwemay choose an appropriate
divisor d=∑ri=1aipi , where r is a non-negative integer and p1, . . . , pr ∈ C are r distinct
points on C, and an isomorphism of holomorphic line bundles
L
−→ OC(d).
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Fix small open neighbourhoods pi ∈ Ui ⊂ C and local coordinates zi around the points
pi . Deﬁne for 1 ir
i : (Ui\{pi})× C∗ −→ (C\{p1, . . . , pr})× C∗,
(x, y) −→ (x, zi(x)−ai y).
These maps deﬁne an equivalence relation ∼ on the disjoint union(⋃
i
(Ui\{pi})× C∗
)∐
((C\{p1, . . . , pr})× C∗).
Fix an isomorphism of principal C∗-bundles(⋃
i
(Ui\{pi})× C∗
)∐
((C\{p1, . . . , pr})× C∗)
/
∼
−→ P .
Using g : C→ C∗ we obtain an E → C∗/〈q〉 equivariant isomorphism of ﬁbre spaces(⋃
i
(Ui\{pi})× E
)∐
((C\{p1, . . . , pr})× E)
/
∼
−→ P/〈q〉,
where the equivalence relation on the disjoint union is deﬁned by the maps
i : (Ui\{pi})× E −→ (C\{p1, . . . , pr})× E,
(x, [y]) −→
(
x,
[
y − ai(1)
2
√−1 ln zi(x)
])
.
We conclude that there exists an isomorphism of principal bundles with structure group E
Lp(1, 	)(C × E) −→X,
where 	i := −ai(1) ∈ . 
Lemma 3.3. Let  : X → C be a relatively minimal elliptic ﬁbration and let ˜ : X˜ → C
be an elliptic ﬁbration obtained from  : X → C by applying a logarithmic transformation,
which replaces a regular ﬁbre by a ﬁbre of type mI 0. Then there exists an isomorphism of
invertible sheaves
R1∗OX
−→ R1˜∗OX˜.
In particular, we have q(X)= q(X˜) and pg(X)= pg(X˜).
Proof. See [6, Proposition 1.6]. 
Theorem 3.4. Let  : X → C be a relative minimal elliptic ﬁbration. Then there exist an
elliptic curve E = C/, a non-negative number r , distinct points p1, . . . , pr ∈ C, natural
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numbersmi , i= 1, . . . , r , complex numbers 	i , i= 1, . . . , r , such that [	i] ∈ E are torsion
points of order exactly mi , and an isomorphism of elliptic ﬁbrations
XLp(m, 	)(C × E),
if and only if R1∗OXOC .
Proof. Obviously, Lemma 3.3 implies R1∗OYOC for any surface
Y = Lp(m, 	)(C × E).
This shows one direction.
Let now  : X → C be a relatively minimal elliptic ﬁbration, and suppose that R1∗
OXOC . This implies (OX)= e(X)= 0. Therefore, the only possible singular ﬁbres are
ﬁbres of typemI 0. By a result of Kodaira [4, I p. 767], the elliptic ﬁbration X → C can be
obtained by means of a ﬁnite sequence of logarithmic ﬁbrations from an elliptic ﬁbration
 : X′ → C which has no singular ﬁbres. Since  : X′ → C has no singular ﬁbres, the
j -invariant is constant and we conclude that  : X′ → C is an elliptic ﬁbre bundle. By
Lemma 3.3 we have R1∗OX′OC . Therefore  : X′ → C is principal and applying
Proposition 3.2 ends our proof. 
Lemma 3.5. Let X → C be an elliptic ﬁbration. Then one of the following holds:
• q(X)= g(C) and R1∗OXOC ;
• q(X)= g(C)+ 1 and R1∗OXOC .
Proof. Using the Leray spectral sequence, one gets the exact sequence:
0 → H 1(∗OX)→ H 1(OX)→ H 0(R1∗OX)→ 0.
Because R1∗OX is a line bundle of degree
deg R1∗OX = − (OX)
0,
any section s ∈ H 0(R1∗OX)\{0} trivializes the bundle R1∗OX. 
Corollary 3.6. If  : X → C is a non-Kählerian elliptic ﬁbration, then the ﬁrst direct
image sheaf R1∗OX is trivializable. In particular, any relatively minimal non-Kählerian
elliptic ﬁbration  : X → C can be obtained from the product of C with an elliptic curve
by means of a ﬁnite sequence of logarithmic transformations.
Proof. Since for any elliptic ﬁbration X → C we have
2g(C)b1(X)2g(C)+ 2,
we conclude that for any non-Kählerian elliptic ﬁbration  : X → C we have b1(X) =
2g(C) + 1 and hence q(X) = g(C) + 1. So Lemma 3.5 and Theorem 3.4 prove our
claim. 
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Next, we compute the fundamental group of an elliptic ﬁbration with trivial ﬁrst direct
image sheaf using our central result.
Fix a curve C of genus g, r distinct points p1, . . . , pr on C and positive integers mi ,
i=1, . . . , r . Choose integers ui and vi , i=1, . . . , r with gcd(ui, vi, mi)=1. Fix a complex
number in the upper half-planeH and denote byE the quotient ofC by the lattice spanned
by 1 and . Set 	i := ui+vi ·mi for 1 ir . We compute the fundamental group of
X := Lp(m, 	)(C × E).
For i=1, . . . , r choose small open discsDi inC around the pointspi withDi∩Dj=∅ for
i 	= j . Choose a point qi 	= pi in each disc Di and let i be a loop with basepoint qi going
once around pi in the counterclockwise direction. Choose a basepoint ∗ in C\⋃ri=1Di .
Then we may choose loops j ,j , 1jg and join the basepoints qi with ∗ in such a way
that
1(C\{p1, . . . , pr})=
〈
1,1, . . . , g,g,
1, . . . ,r
∣∣∣∣∣∣
r∏
j=1
[j ,j ]1 · · ·r = 1
〉
,
where i are the loops with basepoint ∗ deﬁned by i . (To simplify notation we do not
distinguish between loops and their homotopy classes.)
Denote by : X → C the elliptic ﬁbration. By the deﬁnition ofX, there exists a canonical
isomorphism
X ⊃ −1(C\{p1, . . . , pr}) −→ (C\{p1, . . . , pr})× E.
Denote by aj , bj , si and ti the canonical lifts j ×{[0]}, j ×{[0]}, i×{[0]} and i×{[0]}.
Denote by x and y the generators of 1(E) corresponding to 1 and .
Denote by Fi the reduced ﬁbre of  : X → C over pi . The preimage −1(Di) is a
disc-bundle over Fi and the inclusion −1(Di\{pi}) ↪→ −1(Di) induces a short exact
sequence
1 → 〈tmii xui yvi 〉 → 〈ti , x, y|[x, y] = [ti , x] = [ti , y] = 1〉 → 1(−1(Di))→ 1.
Repeatedly applying van Kampen’s theorem we ﬁnd the following representation of
1(X):
Proposition 3.7. Let
X = Lp(m, 	)(C × E),
where C is a curve of genus g, E = C/, = Z⊕ Z, 	i = ui+vimi . Then a presentation
of 1(X) is given by
1(X)=
〈
x, y
s1, . . . , sr
a1, b1, . . . , ag, bg
∣∣∣∣∣∣
x, y central
s
mi
i x
ui yvi = 1∏g
j=1[aj , bj ]s1 · · · sr = 1
〉
.
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By abelianizing this presentation, we obtain the ﬁrst homology group with integral co-
efﬁcients:
H1(X,Z)=
〈
x¯, y¯
s¯1, . . . , s¯r
a¯1, b¯1, . . . , a¯g, b¯g
∣∣∣∣mis¯i + uix¯ + vi y¯ = 0s¯1 + · · · + s¯r = 0
〉
.
Hence H1(X,Z) is isomorphic to Z2g ⊕ coker At , where
A=


m1 0 · · · 0 u1 v1
0 m2 · · · 0 u2 v2
...
...
. . .
...
...
...
0 0 · · · mr ur vr
1 1 · · · 1 0 0

 .
This matrix is equivalent overQ to the following matrix:


m1 0 · · · 0 u1 v1
0 m2 · · · 0 u2 v2
...
...
. . .
...
...
...
0 0 · · · mr ur vr
0 0 · · · 0 ∑ ui
vi
∑ ui
vi

 .
So we see that b1(X) ≡ 0mod 2 if and only if rankA= r , which in turn is equivalent to the
condition
r∑
i=1
	i = 0.
Hence we obtain the following
Corollary 3.8. Let
X = Lp(m, 	)(C × E),
where C is a curve of genus g, E =C/, = Z⊕ Z, 	i = ui+vimi . Then X is Kählerian
if and only if∑i 	i = 0.
Corollary 3.9. Let  : X → C be an elliptic ﬁbration with trivial ﬁrst direct image sheaf,
and denote by F a general ﬁbre of . Then the image of 1(F ) in 1(X) is contained in the
centre of 1(X). In particular, if kod(X)0, then 1(X) is a central extension of orb1 (C)
by 1(F ).
Proof. This is a direct consequence of Proposition 3.7 and Theorem 2.9. 
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4. Elliptic ﬁbrations with odd ﬁrst Betti number
In this section we study elliptic ﬁbrations with odd ﬁrst Betti number. We start by com-
puting their plurigenera. In order to do so, we need the following two lemmata:
Lemma 4.1. Let  : X → C be an elliptic ﬁbration, and denote by mF a multiple ﬁbre.
Then for any 0a <m the sheaf ∗OaF (aF ) vanishes.
Proof. We proceed by induction. Since for a = 0 there is nothing to show, assume that
a > 0. Consider the following diagram with exact rows and columns:
0 0	
	
0−−−−−−→OX−−−−−−→ OX ((a − 1)F ) −−−−−−→O(a−1)F ((a − 1)F ) −−−−−−→0∥∥∥∥∥∥∥
	
	
0−−−−−−→OX−−−−−−→ OX (aF) −−−−−−→OaF (aF ) −−−−−−→0	
	
OF (aF ) OF (aF )	
	
0 0
While ∗O(a−1)F ((a − 1)F ) vanishes by hypothesis of induction, ∗OF (aF ) does so,
because OF (F ) is torsion of order exactly m. Hence ∗OaF (aF ) vanishes too. 
Lemma 4.2. Let  : X → C be a relatively minimal elliptic ﬁbration. Denote by mi ,
i = 1, . . . , r the multiplicities of the multiple ﬁbres of . Then ∗K⊗nX is a line bundle on
C of degree
deg ∗K⊗nX = n · (2g(C)− 2+ (OX))+
r∑
i=1
⌊
n
mi − 1
mi
⌋
for all n0.
Proof. We denote by miFi the multiple ﬁbres of . Fix an n0 and set
ai := n · (mi − 1)−mi ·
⌊
n
mi − 1
mi
⌋
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for i = 1, . . . , r; then we have 0ai <mi for all i. The canonical bundle formula implies
that there exists a line bundleL of degree
deg L= n · (2g − 2+ (OX))+
r∑
i=1
⌊
n
mi − 1
mi
⌋
on C, and an isomorphism
∗L
(∑
i
aiFi
)
−→K⊗nX .
Hence there exists a short exact sequence
0 → ∗L→K⊗nX → O∑i aiFi
(∑
aiFi
)
→ 0.
Applying ∗ yields
0 →L→ ∗K⊗nX → ∗O∑i aiFi
(∑
aiFi
)
.
By the previous lemma,
∗O∑
i aiFi
(∑
aiFi
)

⊕
i
∗OaiFi (aiFi)
vanishes, hence we obtain an isomorphism
L
−→ ∗K⊗nX . 
A primary Kodaira surface is a surface with b1(X)=3, admitting a locally trivial elliptic
ﬁbration over an elliptic curve (see [1, p. 189]). The canonical line bundle of a primary
Kodaira surface is always trivializable.
Proposition 4.3. Let X → C be a elliptic ﬁbration with odd ﬁrst Betti number. Denote by
g the genus of the base curve, by r the number of multiple ﬁbres and by mi , i = 1, . . . , r
their multiplicities. Then
pg(X)= g
and
Pn(X)=max
{
0, 1− g + n · (2g − 2)+
r∑
i=1
⌊
n
mi − 1
mi
⌋}
∀n2,
unless C is an elliptic curve and  has no multiple ﬁbres. In the latter case, X is a primary
Kodaira surface or a blow-up of such a surface and we have
Pn(X)= 1 ∀n1.
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In particular, we have
kod(X)=
{−∞ iff (C)< 0,
0 iff (C)= 0,
1 iff (C)> 0.
Proof. We have already seen that any non-Kählerian elliptic ﬁbration has (OX) = 0 and
q(X)= g + 1. This proves the ﬁrst claim.
For the rest of the proof we will suppose X to be minimal.
Assume ﬁrst that g(C)2 or that g(C)= 1 and X → C has at least one multiple ﬁbre.
Then
n · (2g(C)− 2)+
∑
i
⌊
n
mi − 1
mi
⌋
> 2g − 2 ∀n2
and hence Riemann–Roch for curves and Lemma 4.2 yield
Pn(X)= 1− g + n · (2g − 2)+
r∑
i=1
⌊
n
mi − 1
mi
⌋
∀n2.
Suppose now that g(C) = 1 and X → C has no multiple ﬁbres. Then X is a primary
Kodaira surface, and hence the canonical bundle is trivializable, which implies
Pn(X)= 1 ∀n 1.
Assume ﬁnally that C is a rational curve. In this case, Riemann–Roch for curves implies
Pn(X)=max
{
0, 1− 2n+
∑
i
⌊
n
mi − 1
mi
⌋}
∀n1. 
A Hopf surface is a surface, whose universal covering is analytically isomorphic to the
punctured plane C2\{(0, 0)}. A Hopf surface has kod(X)=−∞. Conversely, any minimal
elliptic surface with b1(X)= 1 and kod(X)=−∞ is a Hopf surface (see [1, p. 188]).
Proposition 4.4. Let X → C be a minimal elliptic ﬁbration with b1(X) ≡ 1mod 2. If the
orbifold curveCorb is bad, thenX is a Hopf surface, and in particular kod(X)=−∞. Else,
the universal covering of Corb is
• P1 iff kod(X)=−∞;
• C iff kod(X)= 0;
• H iff kod(X)= 1.
Proof. This is an immediate consequence of Propositions 2.3 and 4.3. 
Let us return to the study of fundamental groups. Collecting all the results we have
obtained so far about non-Kählerian elliptic ﬁbrations and their fundamental groups yields
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Proposition 4.5. Let X → C be a elliptic ﬁbration with b1(X) ≡ 1mod 2, and denote by
F a general ﬁbre. Then the following sequence of groups is exact:
1(F )→ 1(X)→ orb1 (C)→ 1.
The image of 1(F ) in 1(X) is a central subgroup.
The image of 1(F ) in 1(X) is always contained in the centre of the group. We want to
determine when it is actually the centre. So we have to study the cases where the centre of
the orbifold fundamental group orb1 (C) is not trivial. By Proposition 2.6, this happens in
the following three cases:
• the group orb1 (C) is ﬁnite cyclic;
• the grouporb1 (C) is a group associated to the signature (0; 2, 2, 2n), where n is a positive
integer;
• the group orb1 (C) is isomorphic to Z2.
Lemma 4.6. Let X → C be an elliptic ﬁbration with b1(X) ≡ 1mod 2. If the orbifold
fundamental group orb1 (C) is ﬁnite cyclic, the fundamental group 1(X) is isomorphic to
Z⊕ Z/〈b〉 for some positive integer b. In particular, it is abelian.
Proof. If the group orb1 (C) is ﬁnite cyclic, then, by Proposition 2.5, the ﬁbration X → C
has at most twomultiple ﬁbres andC is a projective line. Note that without loss of generality
we may assume X to be minimal. Hence, by Corollary 3.6 and Proposition 3.7, there exist
positive integers mi and integers ui , vi for i = 1, 2 such that
• gcd(mi, ui, vi)= 1 for i = 1, 2;
• ∑i ui+√−1vimi 	= 0;
• the group 1(X) is isomorphic to the cokernel of the matrix At where
A=
(
m1 0 u1 v1
0 m2 u2 v2
1 1 0 0
)
.
The ﬁrst condition implies that A is equivalent to the matrix(1 0 0 0
0 1 0 0
0 0 b 0
)
for some non-negative integer b, while the second one implies b 	= 0. This ends our proof.

Lemma 4.7. Let X → C be an elliptic ﬁbration with b1(X) ≡ 1mod 2, and denote by
F a general ﬁbre. If the orbifold fundamental group orb1 (C) is a group associated to the
signature (0; 2, 2, 2n), where n is a positive integer, then the centre of 1(X) is the image
of 1(F ).
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Proof. Denote by D2n the Dieder group
D2n =
〈
1,2,3
∣∣∣∣21 = 22 = 2n3 = 1123 = 1
〉
.
By virtue of Corollary 3.6 and Proposition 3.7, there are integers ui , vi for i = 1, 2, 3 such
that
• gcd(2, ui, vi)= 1 for i = 1, 2;
• gcd(2n, u3, v3)= 1;
• u1+u2+
√−1·(v1+v2)
2 + u3+
√−1v3
2n 	= 0
• there exist isomorphisms G −→ 1(X) and D2n −→ orb1 (C), where G denotes the
group
G :=
〈
x, y, s1, s2, s3
∣∣∣∣∣∣∣
x, y central
s2i x
ui yvi = 1 for i = 1, 2
s2n3 x
u3yv3 = 1
s1s2s3 = 1
〉
,
such that the following diagram commutes:
G
−−−−−−→ 1 (X)	
	
D2n
−−−−−−→ orb1 (C)
Hence our claim is equivalent to the following assertion: the centre of the group G is
generated by the elements x and y.
We start by observing that it sufﬁces to show that
[s1, sn3 ] 	= 1.
Indeed, if n2 then the centre of D2n consists of the elements 1,n3. So if the centre of
G is not spanned by the elements x and y, then there exists a central lift of n3 inG and we
conclude that any lift of n3 is central, in particular s
n
3 .
Analogously we see that, for n= 1, if the centre ofG is not generated by the elements x
and y, then one of the elements s1, s2, s3 must lie in the centre. But in this case, the relation
s1s2s3 = 1 implies that G is abelian.
We will construct a homomorphism  : G→ Gl(2,C) with ([s1, sn3 ])=−I .
Set
A1 :=
(
0 1
1 0
)
, A2 :=
(
0 e−

√−1
n
1 0
)
, A3 :=
(1 0
0 e

√−1
n
)
.
Then we have
A1 · A2 · A3 = A21 = A2n3 = 1 and A22 = e−

√−1
n I
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and we observe that
A1 · An3 =
(
0 1
1 0
)
·
(
1 0
0 −1
)
=
(
0 −1
1 0
)
,
whereas
An3 · A1 =
(
1 0
0 −1
)
·
(
0 1
1 0
)
=
(
0 1
−1 0
)
.
Set m1 := m2 := 2, m3 := 2n. The inequality∑i ui+√−1vimi 	= 0 implies that the matrix

2 0 0 u1 v1
0 2 0 u2 v2
0 0 2n u3 v3
1 1 1 0 0

 ∼


2 0 0 u1 v1
0 2 0 u2 v2
0 0 2n u3 v3
0 0 0
∑
i
ui
mi
∑
i
vi
mi


has maximal rank, and hence there exist complex numbers 1,2, 1, 2, 3 such that
21 + u11 + v12 = 0,
22 + u21 + v22 =

√−1
n
,
2n3 + u31 + v32 = 0,
1 + 2 + 3 = 0.
Now the assignment
x −→ e1I ,
y −→ e2I ,
s1 −→ e1A1,
s2 −→ e2A2,
s3 −→ e3A3
deﬁnes the required homomorphism  : G→ GL(2,C). 
Let b be a non-negative integer. We denote by Hb the discrete Heisenberg group
Hb := 〈x, y, z | z central, [x, y] = zb〉.
Lemma 4.8. LetX → C be a primary Kodaira surface.Then there exists a positive integer
b and an isomorphism of groups
1(X)
−→ Hb ⊕ Z.
Moreover, the centre of 1(X) is the kernel of the map 1(X)→ 1(C).
Proof. The group 1(X) is a central extension of 1(C) by 1(F ), where F denotes a ﬁbre
of X → C. Fix a basis of the Z-module 1(C) and choose liftings x and y in 1(X) of
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this basis. Consider the element [x, y]. This element is not trivial, since otherwise 1(X)
would be a trivial extension of 1(C) by 1(F ). Therefore we can choose a basis (w, z) of
the Z-module 1(C) such that [x, y] = zb for some positive integer b. This proves the ﬁrst
claim.
Let u be a central element of 1(X), and denote by (a1, a2) the coordinates of its image
in 1(C) with respect to the chosen basis. We have
[x, u] = [x, xa1ya2 ]
= [x, ya2 ]
= z(a2·b)
and
[y, u] = [y, ya2xa1 ]
= [y, xa1 ]
= z(−a1·b).
We conclude a1 = a2 = 0. This proves the second claim. 
Proposition 4.9. Let X → C be a minimal elliptic ﬁbration with odd ﬁrst Betti number.
Then
• 1(X) is abelian and X is a Hopf surface, or
• the centre of 1(X) is the kernel of the epimorphism 1(X)→ orb1 (C).
Proof. If 1(X) is abelian, then so is the orbifold fundamental group orb1 (C), and we
conclude that orb1 (C) is ﬁnite cyclic, isomorphic to the Kleinian group V4 or isomorphic to
the group Z2. In the ﬁrst case X is a Hopf surface, whereas the last two cases are excluded
by Lemma 4.7 and Lemma 4.8, respectively.
Suppose now that 1(X) is not abelian. Then, by Lemma 4.6, orb1 is not ﬁnite cyclic,
and our claim follows from Lemmas 4.7 and 4.8. 
Theorem 4.10. The plurigenera of an elliptic ﬁbrationX → C with odd ﬁrst Betti number
are determined by the isomorphism type of its fundamental group.
Proof. Let X → C and X′ → C′ be two elliptic ﬁbrations with
b1(X) ≡ b1(X′) ≡ 1mod 2,
and suppose that their fundamental groups are isomorphic.
If 1(X) is abelian, then by Proposition 4.9 bothX andX′ are Hopf surfaces or blow-ups
of such surfaces. In particular, all their plurigenera vanish.
Else, if 1(X) is not abelian, then, again by Proposition 4.9, any isomorphism 1(X)
−→
1(X′) induces an isomorphism
orb1 (C)
−→ orb1 (C′)
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of the fundamental groups of the base orbifolds. Using Proposition 2.5, we conclude that the
genera of the base curves, the number of multiple ﬁbres and their respective multiplicities
coincide. Applying Proposition 4.3 now yields the claimed equality of the plurigenera. 
Remark 4.11 Complex analytic orbifold curves admit a dualizing sheaf, and hence they
have well-deﬁned plurigenera and, in particular, a Kodaira dimension.
When X −→ C is an elliptic ﬁbration with odd ﬁrst Betti number, the ﬁrst direct image
sheaf R1∗OX is trivial, and hence, by the canonical bundle formula, the canonical bundle
of X is isomorphic to the pullback of the dualizing sheaf of the orbifold curve Corb. It
follows, that the plurigenera of X and Corb coincide. This is essentially the statement of
Proposition 4.3.
Like in the case of smooth curves, the Kodaira dimension of an orbifold curve is deter-
mined by its universal covering. Here we have to distinguish four cases: the orbifold is bad,
the universal covering is P1, C or the upper half plane H. In the ﬁrst two cases the Ko-
daira dimension is −∞, in the last two cases the Kodaira dimension is 0 or 1, respectively.
Proposition 4.4 is the analogous statement for elliptic ﬁbrations with odd ﬁrst Betti number.
The plurigenera of orbifold curves are topological invariants. To be more precise, they
are determined by the isomorphism type of the orbifold fundamental group. By virtue of
Proposition 4.9, this result carries over to the case of elliptic ﬁbrations with odd ﬁrst Betti
number.
5. The invariance of the plurigenera
By a surface of class VII we mean a non-Kählerian surface of Kodaira dimension −∞.
These surfaces all have ﬁrst Betti number b1= 1 (see [1, p. 188]). By abuse of notation, we
denote by b1(G) the rank of the abelianization of the group G.
Lemma 5.1. Any ﬁnite covering of a surface of classVII is again a surface of classVII.
Proof. See [3, p. 156]. 
Theorem 5.2. Let X be a surface with b1(X) ≡ 1mod 2. The following statements are
equivalent:
(i) X is a surface of classVII;
(ii) every subgroup G ⊂ 1(X) of ﬁnite index has b1(G)= 1.
Proof. Let X be a surface of class VII and ﬁx a subgroup G ⊂ 1(X) of ﬁnite index. The
group G deﬁnes a ﬁnite covering X′ → X with 1(X′)=G. By Lemma 5.1, X′ is again a
surface of class VII and hence b1(G)= b1(X′)= 1. This proves “(i)⇒ (ii)”.
Conversely, letX be a surface of non-negative Kodaira dimensionwith b1(X) ≡ 1mod 2.
Then X admits an elliptic ﬁbration X → C, and the fundamental group 1(X) is a cen-
tral extension of the orbifold fundamental group orb1 (C) by 1(F ), where F denotes a
general ﬁbre of the elliptic ﬁbration X → C. Moreover, the orbifold Corb is good and its
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universal covering is the Euclidean plane E2 or the hyperbolic plane H 2. In particular, it
admits a ﬁnite unramiﬁed covering C′ → Corb by a smooth curve of genus g1 (see [7,
Theorem 2.5]). Denote byG ⊂ 1(X) the the preimage of the subgroup 1(C′) ⊂ orb1 (C)
under the epimorphism 1(X) → orb1 (C). The subgroup G is of ﬁnite index and we have
b1(G)2g2. 
Theorem 5.3. The plurigenera of a complex surface X with odd ﬁrst Betti number are
determined by the isomorphism type of its fundamental group.
Proof. Let X and X′ be two complex surfaces with b1(X) ≡ 1mod 2, and suppose that
their fundamental groups are isomorphic.
By virtue of Theorem 5.2, the surface X is of class VII if and only if so is X′. Else,
if kod(X)0, the surfaces admit an elliptic ﬁbration (see [1, p. 188]). Our claim hence
follows from Theorem 4.10. 
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